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Abstract 

The Doplicher-Fredenhagen-Roberts (DFR) framework for noncommutative (NC) space-times is 
considered as an alternative approach to describe the physics of quantum gravity, for instance. 
In this formalism, the NC parameter, i.e. 6^'^, is promoted to a coordinate of a new extended 
space-time. Consequently, we have a field theory in a space-time with spatial extra-dimensions. 
This new coordinate has a canonical momentum associated, where the effects of a new physics 
can emerge in the fields propagation along the extra-dimension. In this paper we introduce the 
gauge invariance in the DFR NC space-time. We present the non-Abelian gauge symmetry in 
DFR formalism, and the consequences of this symmetry in the presence of such extra-dimension. 
The gauge symmetry in this DFR scenario can reveal new fields attached to 0-extra-dimension. 
We obtain the propagation of these gauge fields in terms of canonical momentum associated 
with 0-coordinate. 
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INTRODUCTION 


The inconvenience of having inhnities that destroy the hnal results of several calcu¬ 
lations in QFT have motivated theoretical physicists to ask if a continuum space-time 
would be really necessary. The alternative would be to construct a discrete space-time 
with a noncommutative (NC) algebra, where the position coordinates are proportional to 
operators (// = 0,1, 2, 3) and they must satisfy the commutation relations 

, ( 1 ) 

where £ is a length parameter, 6^^ is an anti-symmetric constant matrix and 1, the identity 
operator. Puttirrg these rdeas a., together. Snyder flpnbhshed the first work eonsiderrng 
the space-time as being a NC one. However, Yang demonstrated that Snyder’s hopes 
about the disappearance of the infinities were not achieved by noncommutativity. This 
fact has doomed Snyder NC theory to years of ostracism. After the string theory im¬ 
portant result that the algebra obtained from the case of a string theory embedded in a 
magnetic background is NC, a new wave concerning noncommutativity was rekindle j^. 
n current days, the NC approach is also a subject discussed at the quantum gravity level 

im. 

One of the paths of introducing noncommutativity is through the Moyal-Weyl (or star) 
product where the NC parameter, i.e. 6^'^, is an anti-symmetric constant. However, at 
superior orders of calculations, the Moyal-Weyl product turns out to be highly nonlocal. 
This fact has lead us to work with low orders in 9'^^. Although it maintains the transla¬ 
tional invariance, the Lorentz symmetry is not preserved jb]. For example, in the case of 
the hydrogen atom, it breaks the rotational symmetry of the model, which removes the 
degeneracy of the energy levels [^. 

One way to heal this problem was introduced by Doplicher, Fredenhagen and Roberts 
(DFR) which have promoted the parameter 6*^^ to the role of an ordinary coordinate of the 
system 8|, l9|]. This so-called extended and new NC space-time has ten dimensions: four 
relative to Minkowski space-time ordinary positions and six relative to 0-space. Recently, 


in [1^ the authors have conjectured to construct a DFR s pac e-time extension, introducing 
the conjugate canonical momentum associated with 0^^ [ll|] (for a review, the reader can 
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see 


12|). This new framework would be characterized by a held theory constructed 


in 


a space-time with extra-dimensions (4-1-6). Besides, it would not need necessarily the 
presence of a length scale £ localized into the six dimensions of the 0-space where, from 
(fTj) we can see that 6^'^ would have dimension of length-square (a kind of Planck area), 
when we make £ = 1. The length scale can be introduced directly in the algebra, and 
taking the limit with no such scale, the usual algebra of the commutative space-time is 
recovered. Besides the Lorentz invariance was also recovered, and obviously we hope that 
causality aspects in QFT in this (x -f 9) space-time must be preserved too [ISj. 

In this approach, as we have said, the parameter 0^^ is also promoted to a position 
operator, say 0^*^, that participate of the algebra, and it is an observable of the space-time. 

In several recent works 11, 14-^, a new version of NC quantum mechanics (NCQM) 
were introduced, where not only the coordinates and their canonical momenta are 
considered as operators in a Hilbert space R, but also the objects of noncommutativity 
0^^ and their canonical conjugate momenta All these operators belong to the same 
algebra and have the same hierarchical level, introducing a minimal canonical extension 
of DFR formalism. This enlargement of the usual set of Hilbert space operators allows the 
theory to be invariant under the rotation group SO{D), as showed in detail in Ref. |lll.ll6|. 
when the treatment is a nonrelativistic one. Rotation invariance in a nonrelativistic theory 
is fundamental if one intends to describe any physical system in a consistent way. It was 
demonstrated in a precise way that in fact the DFR formalism has a momentum associated 
with 0^^. In the pres ent work we essentially consider the second quantization of the model 
discussed in Ref iJ] , showing that the extended Poincare symmetry here is generated via 


generalized Heisenberg relations, giving the same algebra displayed in 
Although we have constructed a NC DFR Klein-Gordon equation 


14 


\ll 


18l | with a source 


term, an effective action using the Green functions was completely calculated in ISj. The 
DFR NG model of scalar field with self-interaction was proposed in order to investigate 
the divergences at the one loop [l^. 

The organization of the present paper follows that in section H we have described the 
DFR formalism. In section HI we have analyzed the charged Klein-Gordon and Dirac 
equations. We have introduced new forms and constructions concerning the Gamma 
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matrices in DFR formalism. These new constructions complement those ones given in 
H . In section IV we have discussed of the Dirac action. In section V we have dealt 
with the held equations and the invariants of the star-symmetry U*{N) in DFR space. 
To complete this analysis, in section 6, we have introduced the propagators of both gauge 
and fermionic helds. the DFR diagrams for the propagators were described in detail. The 
conclusions and perspectives for future works, as always, are depicted in the hnal section. 


II. THE DFR ALGEBRA IN A NUTSHELL 


In this section, we will review the main steps published in 


[n, 14-16 


20|. Namely, we 


will revisit the basics of the quantum held theory dehned in the DFR space. As we have 
said before, in DFR formalism the parameters are promoted to coordinate-operator 
in this space-time, which has D = 10, it has six independents spatial coordinates, which 
are, 6*^^ = {9^^, 6^“^, 6^^, 6^'^, 6^^, 9'^^). Consequently, the coordinate are promoted to 

S iantum observables 9^'^ in the commutation relation ©■ So we have the DFR algebra 

1 




= 0 and 




= 0 . 


( 2 ) 


Moreover there exist the canonical conjugate momenta operator associateqj with the 
operator ©^‘^, and they must satisfy the commutation relation 




= i i , 


( 3 ) 


where i 

diag(^l,-l,- 
that [ll| 


jg anti-symmetrized identity matrix, and = 
1) is the Minkowski metric. In order to obtain consistency we can write 




= z 77^^ 11 , 


pp pv 


= 0 , 


0^^P^ 


= 0 , 


= 0 , [X>^,k''p] = , 


( 4 ) 


^ The standard notation to represent the momentum is tt^j^ but, for future “to-avoid-confusion” conve¬ 
nience, we will use from now on, . 
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and these relations complete the DFR extended algebray. It is possible to verify that (2.1)- 
(2.3) commntation relations listed above are indeed consistent with all possible Jacobi 

n 

identities and the CCR algebras |13l |. 

The nncertainty principle from ([1]) is modified by 


AX'^AX’' ~ ( 0 '^^) , 


( 5 ) 


where the expected valne of the operator 0 is related to the flnctuation position of the 
particles, an it has dimension of length-squared. 

The last commutation relation in Eq. (jl]) suggests that the shifted coordinate operator 

i 


21 


25| 


g = V" + i e»“'F. 


( 6 ) 


commutes with The relation (|6]) is also known in the algebraic literature as Bopp 

shift. The commutation relation (|2]) also commutes with and and satishes a non 
trivial commutation relation with dependent objects, which could be derived from 




[e.ri = 0, 


( 7 ) 


and we can note that the property = P^X'^ is easily verified. Hence, we can see 
from these both equations that the shifted coordinated operator ([6]) allows us to recover 
the commutativity. The shifted coordinate operator plays a fundamental role in NC 
quantum mechanics defined in the {x 6*)-space [ll[, since it is possible to form a basis 
with its eigenvalues. So, differently from X^, we can say that forms a basis in Hilbert 
space. The framework showed above demonstrated that in NCQM, the physical coordi¬ 
nates do not commute and the respective eigenvectors cannot be used to form a basis in 
Fi ='Hi®'H 2 Q • This can be accomplished with the Bopp shift dehned in ([6]) with ([7]) 
as consequence. 

The Lorentz generator group is 


■‘■^■^111/ S/i-^ H U ' n ^ up-^^ i> ? 


( 8 ) 


Here we have adopted that c — /i = ^ = 1, where the ^-coordinate has area dimension. 


2 
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and from (|3]) we can write the generators for translations as —>■ —id^ . With these 

ingredients it is easy to construct the commutation relations 


P P 

lit V 


= 0 , 


M^v^Pp 

Mpu^Mpa 


* (jlpp Py Vvp Pp) 1 

1 (^pa-l^pu Pucr-Mpp PppMau P Pupl^erp^ j 


( 9 ) 


which closes the proper algebra. We can say that P^ and are the DFR algebra 
generators. 

An important point in DFR algebra issue is that the Weyl representation of NC oper¬ 
ators obeying the commutation relations keeps the usual form of the Moyal product. In 
this case, the Weyl map is represented by 

W(f)(X.e) = I ^ ( 10 ) 

The Weyl symbol provides a map from the operator algebra to the functions algebra 
equipped with a star-product, via the Weyl-Moyal correspondence 


g{X,Q) < — f{x,9)-kg{x,9) , (11) 


where the star-product * is dehned by 


f(x,e)*g(x,e) = g(x',e) 


( 12 ) 


for any arbitrary functions / and g of the coordinates (x^, Namely, in both sides of 
Eq. flT^ we have that / and g are NC objects since they depend on 9^^^'. 

The Weyl operator ffTOj) has the trace property considering a product of n NC functions 


Tr 


W{h)...Wifn) = I d^xd^9W{9) Mx,9)^...^fn{x,9) . 


(13) 


The function IF is a Lorentz invariant ^-integration measure. This weight function is 


introduced in 
the 0-space 


in 

1— 

le 

cont 

m 

26, 

00 


ext of NC held theory to control divergences of the integration in 
29| . Theoretically speaking, it would permit us to work with series 


expansions in 9, i.e., with truncated power series expansion of functions of 9. For any 
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large 9^'^ it falls to zero quickly so that all integrals are well defined, in its definitions the 
normalization condition was assumed when integrated in the 0-space. The function W 
should be an even function of 6, that is, W{—9) = W{6) which implies that an integration 
in 0-space be a Lorentz invariant. All the properties involving the Vh-function can be seen 


in details in 


Q,y, 


28 


29| . However, we have to say that the role of the hh-function 


in NC issues is not altogether clear among the NC community. By the definition of the 
Moyal product (IT^ it is trivial to obtain the property 


d^x d^e w{e) f{x, 0) * g{x, 0) = / d^x d^e w{e) f{x, e) g{x, 0 ). 


(14) 


The physical interpretation of the average of the components of 0^^, i.e. (0^), is the 


definition of the NC energy scale 


26| 


Aatc — 


12 

W) 


1/4 


1 

A ’ 


(15) 


where A is the fundamental length scale that appears in the Klein-Gordon (KG) equation 
(1T8|1 and in the dispersion relation (]2l|l just below. This approach has the advantage of 
being unnecessary in order to specify the form of the function W, at least for lowest-order 
processes. The study of Lorentz-invariant NG QED, as Bhabha scattering, dilepton and 


diphoton production to LEP data led the authors of 


271. l28j to determine the bound 


Anc > 160 GeV 95% C.L. 


(16) 


III. FIELD THEORY IN DFR SPACE: KLEIN-GORDON AND DIRAC EQUA¬ 
TIONS 


The hrst element of the algebra ([9]) that commutes with all the others generators 
and is given by Ci = . This is the hrst Gasimir operator of 

the algebra ([9]). Using the coordinate representation, the operators P^ and can be 
written in terms of the derivatives 


Pn 


—id,, and K, 


d 




— I 


dQliv 


( 17 ) 
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and consequently, the first Casimir operator in the on-shell condition leads us to the KG 
equation in DFR space concerning the scalar field 0 


{a + X‘^ae + m^) (j){x,9) = 0 , 


(18) 


where we have defined and := The plane wave general solution 

for the DFR KG equation is the Fourier integral 

(/.(x, &) = j (27r^4 . (19) 

The length is introduced conveniently in the A:-integration to maintain the held di¬ 
mension as being length inverse. Gonsequently, the A:-integration keeps dimensionless. 
Substituting the wave plane solution flT^ . we obtain the invariant mass 

/ + , ( 20 ) 


where A is the parameter with length dimension dehned before, it is a Planck-type length. 
We can dehne the components of the A:-momentum = (— k, — k) and k^y = (k, k), to 
obtain the DFR dispersion relation 


ui 


p, k, k) = -i/p^ + A^ ( k^ -I- k^ ) -I- m 


( 21 ) 


where ki is the vector connected to the components kij, that is, % = eijkk^ {i,j,k = 
1, 2, 3). It is easy to see that, using the limit A —)■ 0 in Eqs. we can recover the 


3 . 


commutative expression [13|J. Since we have constructed the NG KG equation, we will 
now show its relative action. We will use the dehnition of the Moyal-product flT^ to write 
the action for a free complex scalar held in DFR scenario as being 


SKGi(p*, 4>) = j (fe W{d) i<d^(t)+^ d^ycj)* ^ - mV* * </> 

and using the identity (ITTll . this free action can be reduced to the usual one 


SkcW, 4>) = / d*x cFe W(e) ( + 4- - m" 1^1" 


( 22 ) 


(23) 


where all the products are the usual ones. 
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It is easy to show that the DFR Dirac equation can be deduced from the square root 
of the DFR KG equation, so we can write the held equation 

iX 


( + y 6 ») = 0 , (24) 

where 7 ^’s are the ordinary Dirac matrices, and they satisfy the usual relations 


{7^7■'} = 2Ir 


(25) 


The matrices F^^ are six matrices 4x4 which, by construction, they must be anti¬ 
symmetric, i.e., F^^ = —F^^. We can write the matrices F'^'^ in terms of Dirac matrices -7 
by means of the commutation relation 

r"^:=^[7",7n , (26) 

where we can show that the anti-commutation relations are given by 


{y ^ and 

{F^^ F^^} = yYY^ + YYY^ - YYY^ - YYY ^, (27) 

and the hermiticity property of F^*^ is the same as 7 ^, i.e., (F^*^)^ = Using 

these relations, the Dirac equation fl2Tl) leads us to DFR Klein-Gordon equation. The 
components of F^^ = (F°*, F*-^) can be written in terms of the Pauli matrices as 


pOi = ^ 


° 

a* 1 

1 , = f 

( 

0 1 



^ijk^k 


0 


^ijk^k 


, hi = 1,2,3 . 


(28) 


which complements the results obtained in 15[ |. 

It can be shown that the connection between the Dirac equation and its adjoint equa¬ 
tion can lead us to a conservation law 


+ = t), (29) 

where Jp := 'ijjyp x -0, and YP'^ '■= '0F^^ 'k'lp are the currents that emerge from the DFR 
Dirac equation. By integrating the expression fl2^ considering the whole space {x -\- 9), 
the Dirac held charge U conserved, as the commutative usual case. Notice that the 
new current term F^^" 'k'l/j has the generator of the rotational group attached to it. In the 
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next section we will investigate the coupling of this current with the gauge helds, which 
can be an interesting study of the Yang-Mills model in DFR phase-space. 

The DFR action for the Dirac held is 


5'Dimc(V^,'0) = I d^x(R6W{9)'ilj{x,9)ic -m)'ijj{x,6) , (30) 


which, using the identity (IT^ can be reduced to 


SDirac{'4’,i^)= I d^xd^9W{9)ij{x,9){trd,+ '-^T^''d,,-m)i;{x,9) , (31) 


which is invariant by symmetry transformations of the Poincare DFR algebra 1^ . In the 
next section we will discuss the gauge symmetries of the DFR Dirac Lagrangian. 


IV. GAUGE SYMMETRY AND THE U*{N) ACTION 

The actions of the complex scalar and Dirac held are invariant under global trans¬ 
formations of the helds. The invariance of the action under this global symmetry gives 
rise to conserved charges, indicated by the conservation law ([29]). We will now discuss in 
the invariance of the Dirac action under local transformations. Let us consider the local 
gauge transformations for the spinors helds 

T(x,0) ^ ^’{x,9) = U{x,9)i<'F{x,9) , (32) 

where U{x, 9) is an arbitrary matrix iV x iV of the coordinates {x, 9). It must satisfy the 
unitarity property 

U{x, 9) X {x, 9) = (x, 9) X U(x, 0) = In , (33) 

and we can say that U is star-unitary, and In is the identity matrix NxN. The DFR Dirac 
Lagrangian is not invariant under the local transformation (l32|) . To obtain such invariance, 
we must replace both derivatives and Xd^i, by the following covariant derivatives 

I—^ = d^ + igA^ ic 


( 34 ) 
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and the NC Dirac Lagrangian is 

^Dirac—gauge 'h(x, e) ^ ^ * -m) 6) . (35) 

The hrst one is the nsnal covariant derivative with a star-prodnct, while D^^-k is a new 
anti-symmetric star-covariant derivative associated with the 6 *-space Conseqnently, the 
new held is an anti-symmetric tensor held = —By^). It has six independent 
components, i.e. B^'^ = where = {1,2,3}, which dehnes the tensor held in 

the {x + 0)-space. The notation D^k indicates a star-prodnct between and the Dirac 
spinor, which does also occnr within the covariant derivative D^yk case. For convenience 
we have introduced the coupling constants g, and g' associated with the 6 *-space. To 
complete such invariance, we must impose the DFR star-gauge transformations 

Afj_{x,9) I —> A'^{x,9) = U{x,9) k Afj_{x,9) kU^{x,9) - {d^U) kU\x,9) , 

B^y{x,9) ^ B'^^{x,9) = U{x,9)kB^y{x,9)kU\x,9)-j^{\d^yU)kU\x,9). (36) 

Note that fl33ll implies that is equal to U~^ with respect to the star-product upon 
the deformed algebra of functions on space-time. In general, it is not true for 0 7 ^ 0, in 
which 7 ^ U~^. An explicit relation between both f/f and U~^ can be obtained by the 
series of the star product, that can be written as 

f/t = R-i + ^ U-^ d^U U-^ dyU U-^ + 0{9^) . (37) 

Due to the property {f k g)^ = g^ k fl, the Moyal product f k g of two unitary matrix 
helds is always unitary and the group U*{N) is closed under the star-product. The special 
unitary group SU(N) does not give rise to any gauge group in the NC space-time, because 
in general det{fkg) 7 ^ det(/) *det( 5 f), and consequently, det(17 k Iff) 7 ^ det(17) k det(f/^), 
that is, det D 7 ^ 1 . 

In the opposite case, relative to the commutative case, and SU*{N) are sectors 

of the decomposition U*{N) = x SU*{N) do not decouple because the gauge helds 

of interacts with the gauge helds of SU*{N). We represent the [/-function of U*{N) 

as the x-product 


U{x,9) = 


( 38 ) 
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where a, are arbitrary real functions of (x, 6) associated with the NC Abelian sub¬ 
group and with the NC non-Abelian subgroup SU*{N), respectively, and F (a = 

1, 2, • • • , — 1) are the traceless generators of the Lie algebra of the subgroup SU*{N). 

The helds are hermitian gauge fields of the star unitary group L*(A^) dehned 

in the DFR NC space-time scenario. They can be expanded in terms of the Lie algebra 
generators of U^{N) as + and + with trjv(t“t^) = 5“^, 

a,b = 1, — 1, by obeying the Lie algebra commutation relation 

and the anti-commutation algebra The constants and are the 

structure constants of the Lie algebra. The fields A° and come from the Abelian part 
of the group U*{N), while the components A“ and are attached to the non-Abelian 
part of U*{N). Here, the generators B live in the adjoint representation of the U*{N) 
gauge group, and tr^r denotes the matrix trace. Notice that in the fermionic sector, the 
spinor held is the column matrix whose components are T = (" 01 ," 02 ! • • '■,'4^n) that live 
in the basic representation of the Lie algebra. An important issue is that expressions 
in NC gauge theory involve the enveloping algebra of the underlying Lie Group. The 
components and A“ have the inhnitesimal gauge transformation from fl36|l 

e) , 


= + i [a{x,e),Al]^ + i [a;“(x, 0), ^ , (39) 


and for B^y^ we can have that 


= Bly + i[a{x,e),Bl^]^ +g' , 


= 5“^ - [n;(x,0),R^0“ + z [a(x, 0), f [n;“(x, 0), ^ 0) 


(40) 


Using the Moyal product properties, the commutator [cn, A^]“ is given by the combination 
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of the cosine and sine series 


Uj{x, 0), y4^(x, 0)]“ = COS — 

/ 0°‘P 

Yd'"’''' sin - 

V 2 

and the analogous to the case of The simplest commutator is just 

the trigonometric sine part of flTTll . with = 0 and = 1, that goes to zero in the 

commutative limit. 

The tensor associated with the held is dehned as the star commutation relation 





(42) 


where 


F^^ = - d^A^ + ig [A^, A^]^ , (43) 

and it has the gauge transformation 

^ F;. = u{x, 9) * F^, * U\x, 9) . (44) 

It is easy to verify that the F^^ tensor is Lie algebra valued of U*{N) as F^i, = T)fyllN + 
where the components are given by 

F°, = a^A»-ax + vK,Yl . 

Y = a, a: - a,Ai-\9r'^ {y, k}. 

+ ig [A%At\^+tg [A;,AI]^+ [K.Al], ■ (45) 

These components can be understood as the NC electromagnetic held tensor and 
the Yang-Mills tensor dehned in the NC space-time DFR. Analogously, we obtain the 
held strength tensor of by calculating the star commutation relation 

Fo-p\^ ig G^upcr i (^6) 


where the components of G are 


^0 

flUpCJ 

^ pupa 


\a,,Bi, - \a,,Bi, + ig’ [By b%\ 

Xd,,B%, - Xa,,B‘^ -\g’!‘^ {By 

+uj [Bj„, B“J + ig' [By Bj,]. + ^ s'd”*' [B‘„, B'J,. 


(47) 
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It has the anti-symmetric properties 


Cr Gi/fipa 


= -G 


fii'ap 


= G 


Ufiap 


= -G 


papLU ) 


(48) 


and the gange transformation 

Gp.p^ ^ G;,,, = U{x, 6) * Gp,p, ^ [/t(x, 6) . (49) 

From (144)) and (14^ . the inhnitesimal transformations of the components of and Gp^yp^ 
are given by 


F° 1- 

pu 

_v /?0' 
' pu 

1— 

pu 

, paf 

' pu 


^0 

'^/j.Z/pcr 


^ p^Upo- 


^ pupa 


G 


a / 

pupa 


i [«, , 

+i [oj‘,F”J^+id‘-'^[oj\Fy^ , 

G%pa + * [«, , 

oy,, - 5 /“*' F'', i [o. + 

+i y”, P‘, , 


(50) 


Therefore we have a Lagrangian for the gange helds which is invariant under the trans¬ 
formations (144)) and (14^ 

Cgauge = tr^ {Fp, ^ F^ - ^ tiN {Gp^p,, * ^ tr^ {Fp, * . (51) 

Analogously, this invariance can be applied to the KG Lagrangian of (122)) by substituting 
the ordinary derivatives dp and dp^, by the covariant derivatives Dp and Dp^, respectively, 
we can write 

^KG— gauge tr^ {Dp^^ ^ i tr^5 {Dp,^^ * tijg ^ <F) , (52) 

where the scalar held $ represents a multiplet of N complex scalar helds, namely, $ = 

(01, 02, • • • , 0Ar)- 

The DFR version of a quantum electrodynamics (QED) is represented by the group 
G*(l), with = 1, where we have just one held and the anti-symmetric The 

gauge transformations are analogous to (l36)) and ()44)) . with U{x,9) = which 

obeys the Moyal product series 

p 

Ff {x^O) = 1 F ia{x, ^ + G(a^) . 


(53) 
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The expressions of the DFR electromagnetic tensors can be obtained by making both 
= 0 and = 1 in fH5]) and (IT7|) . By redefining and the 

conpling constants g = e, g' = e', we obtain 

Ff,u = df,Ay - djyAf, + ie A^]^ , 


^fiupa Xdpo^Bpi, T ie Rp^-]^ j 

where we have achieved an invariance property for the DFR Dirac action nnder the local 
transformations 0321) . To guarantee this invariance we must introduce an anti-symmetric 
field Bpi, (l3T|) . beyond the vector field Ap, since these fields have the gauge transformations 
fl36|l . This new gauge anti-symmetric held is associated with the ^-space and it must to 
be attached to those extra-dimensions. The NC gauge theory obtained here is reduced to 
the standard case of SU{N) Yang-Mills, and the usual R(l) QED, in the commutative 
limit 9 = 0, and taking A = 0 in the Lagrangian ([35]), fl5Tl) and fl52ll . 

In the next section we will discuss the held equations and the currents of the star- 
symmetry U*{N) in DFR space. 


V. FIELD EQUATIONS AND THE DFR ELECTROMAGNETISM 


The electromagnetic and Yang-Mills held equations in DFR space-time will be com¬ 
puted in this section. To accomplish the task, we have to hnd both the Dirac and gauge 
Lagrangian, Eq. fl55]) and fl5T]) respectively, which obey the star gauge symmetry U*{N) 
discussed in the last section 


Fu*(N) — ^ (y * + 2 

1 


-m ) D, 

/ ij 




A F “ _}in a ripupaa _ \ 

p ^ ^ pv ^ ^ '^pupa 2 


^ ^ (-ipvpu 

^ '^Opupa * CrQ 


1 


F a 


(55) 


where we have calculated the traces present in Eq. (15T|) . In the sector of the gauge helds 
we have naturally the NC Maxwell Lagrangian and the Lagrangian of the NC Yang-Mills 
held. We treat and (R((^,R^‘'“) as independent helds to obtain the NC held 
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equations. Using the principle of the minimal action associated with the Lagrangian fISS]) . 
with respect to Aq, we can obtain the NC Maxwell’s equations in the presence of a source 

Vo^ * + Vo, * ^ Jo" , (56) 

where the covariant derivative Vo^i acting on strength held tensors is dehned by 

* Fr - d.FX'' - 9 \A„^, nr]. . ( 57 ) 

The tensor Fo,v must obey the Bianchi identity 

VQ,'k Foyp T Vqi/ 7*7 Fop, T V Op Fo,v 0 1 (58) 

which completes the equations for the NC electromagnetism. The held equations for the 
Bopi, tensor helds are auxiliary equations that emerge exclusively from the NC 0 extra¬ 
dimensions 

* cr'-’ - i (V/ * F,-- - V/ * Fr) = \fijr, (59) 

where the anti-symmetric covariant derivative Vo,u is dehned by 

Vo^. * Go^""" := A a^.Go^""" - g' [Bo,., • (60) 

The current Jq^ is the classical source of the fermion held, that is, Jg^ = '07^ * 'ijj. The 
anti-symmetric current as it was showed in the earlier section, is the source for the 

classical fermion held attached to the generator spin, JJg^" = r This fact is due 
to the extra-dimension of the NC space-time. When the NC parameter goes to zero, the 
usual current for the QED is recovered, while the new current JJg^" is automatically 
zero. From the Eqs. (|56ll and (15^ . we can obtain the conservation law 

Vg^ * Jg^ - Vg^i/:*r J7g = 0 , (61) 

which expresses the electric charge covariant conservation. 

Analogously, the sector SU*{N) from the Lagrangian (|55|1 . gives us the NC Yang-Mills 
held 


V, ic * G>^P'^p = gr^ 


( 62 ) 
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where the covariant derivative here differ from by the commutator in the adjoint 
representation 

:= - g > ( 63 ) 

where this commutator is defined by 

j Al(x,0)F'^-(x- 

It is not difficult to see that the Bianchi identity is valid too, namely, 


.«) 

0 ) 


(64) 


[A„F^X cos 


+ d sin I — daX 




* ^ixp + * Fpp, + Vp * F^j^ — 0 . (65) 

The field equation of is given by 

Vpu ^ ^ (V/ * - V/ ★ F^^X = i , (66) 

where Vpp is the covariant derivative 

Vpp * := A - g' [Bpp, , (67) 

and this commutator is similar to expression fl6T)) . The non-Abelian currents of the 
previous equations are 

= Xx,e)x , (68) 

and the anti-symmetric current is 

6) = Xx, (t“),, * ^,(x, 6) , (69) 

which obeys the continuity equation 

+ i Vp.*j7^"“ = 0. (70) 

Hence, we have obtained, separately, the field equations of the NC subgroups U*{1) 
and SU*{N) of U*{N). The DFR Yang-Mills held equations bring a new result in DFR 
literature, and we can reobtain the DFR electromagnetism classical held equations. In 
this case, we can make = 0 and = 1 in the non-Abelian equations of SU*{N) to 
obtain the correspondents equations of the subgroup U*{1). 
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VI. PROPAGATORS IN THE DFR SPACE-TIME 

In this section we will discuss the quantum aspects of the new (in DFR formalism) 
Lagrangian in Eq. flSSp in order to compute the propagators of both gauge and fermion 
helds. The quantization of the model has made us to introduce gauge hxing terms and 
ghost helds associated with the NC non-Abelian gauge held in fl55|) 

^U*{N) T ^gf T ^ghosts t/’i ^ D^ ^ o ^gu m j 'Ipj 

\ Z / ij 

Fo,. * Fr - ^ 

-1 G„„ * or'" - Y (d^,B,r) * - 1 

-i Fy * F""" - 1 (d,An * 

* 0'“''”“ - i * (a^B'”») - i * g'"”'/ 

+ , (71) 

where (.^Oj ctO; ck) are real parameters. The ghost helds 77 = rj^'F and r) = fj°‘F have the 
local transformation in the adjoint representation of the star gauge group given by 

771 —> rj' = U{x^9)-kri-kU\x,6) and 771 —> fj'= U{x,9) i<fj^U\x,9) . (72) 

The covariant derivatives that act on the ghost held are dehned by 

= dgLh"" - 9 [^/ 7 , h]! and = A ^^^ 77 “ - g' 77 ]“ , (73) 

where these commutator is like the ones in fIMll . The quantum action of the model is 
dehned by the integration of the Lagrangian (|7Tll through the volume of the (x + 6*)-space- 
time 

^Quantum J d^x d^9 1 F(6') (£;7*(Ar) + Cgf + Cghosts) , (74) 

which can be written as the sum of the free part with the interaction terms, that is, 
SQuantum = Sq + Sint, where the free part can be simplihed using the identity flTTll . 
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Therefore the free part of the action given by fm|) is 

iX 


So = J d^x d^e W{9) 
1 


A (+ V -m) 'll) 

\ I / tj 


1 .. . A2 


A2 


i^f,^,Bopa - dpaBopuY - 77 — {dp’^A 
4 


{dpAo^ - d^^Aop) - — {dpAo 

- [dp^BY^ - dP’^BopY - dpAY) 

{dpAl - d^Alf - 1 {dpAn" - ^ {dp^B;^ - dp^BlY" - ^ {dp^B>^n^ 
4 - d^'^BlY {d^A; - dpA>^Y +p^(n + ^Dp)p'^ 


/ih'X 2 


(75) 


To obtain the propagators, it is convenient to write the previons action in momentnm 
space. Using the Fonrier integrals for both gange and fermions fields, analogons to the 
scalar case in flT^ . we have the action So that can be written as 


So = 


dA d^k 


d^k' 


e-AF+y? X 


(27r)4 (27rA-2)6 (27rA-2)6 
X Ih(p, k) App + ^ - rrYj u{p, k' 


-n“(p, k) 


+4" (^ ■ ^') 


n“(p, k') 


+AApX) 

A 


VpuP + ( — - 1 ) PpP, 


k') 


lpA<7K {k-k')+ [ -1 Ppa k'^, 

ao 


b^ipA') 


+ J %^iP, k) p" {VpakA - Vl^nkA - Paak'p^ + VaA'p^ ^') 

+ ^ bo^^ip^ k) p“ iVupkaX - Vuxkap - VapkuX + Paxkup) (p, k') 


A"I.P,k) 


dpyP + ( ^ - 1 ) Pf^Pv 


a^AP,k') 


A^ 
' 2 
A 

■4 

A 


bP^Ap, k) 


IpAcrre {k ■ k') + 


a 


- 1 I /ch 




+ Va^k'^a) k') 


^b^ k^ P {^Vk'pkaX Pvxkap ^apki/x H“ '^otxkyp) Cl {jpi k ) 


(76) 


where IpAo-K is the anti-symmetrized identity matrix previously defined in the hrst section, 
and u, V, Oq, a^“, 6 q^, are Fourier transforms of the fermions, ghosts and gauge fields. 
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respectively. For both fermionic and ghost sectors, the propagators are given by the 
inverse of their kinetic terms, so we have that 


{u{p,k)u{p,k')) = {27T)H^^\p-p') ^ ^ 


+ I - m 


(n“(p, k) v\p, k')) -- 


-id' 


ab 


p^ + ^{k- k') 


(77) 


In the gauge fields sector, we consider and as independent fields, so 

that the result of the propagators for NC non-Abelian gauge helds is similar to the NC 
Abelian one. We can write the Abelian part (oq^, of d76|) in the matrix form 


1 

2 




(Q>.Up,k') 

\ Qupx{p,k) {k ■ k') {MpXaK +a~^NpXaK) 



(78) 


and the projectors P, T, M and N are dehned by 


ry / \ _ PpPu rp / \ _ PpPv 

Ppuip) Ppv 2 ’ 2 ’ 

Mp^pxik, k') = Ip^px - , Np,px{k, k') = , (79) 

and the matrix element Q is 

Qpcrnip 1 k) ^ ^VfirjkaK Ppukaa haakpn A ^ok^/^ct) j (®0) 

where we can observe that it is anti-symmetrized in the index (a, k). The contraction 
kpiyk^’^' has been simplified by the scalar product k ■ k' using a short notation. It is easy 
to show that the projectors satisfy the relations 


= P/ , = P/ , = Mp,px , 

Np.o.0 = Np^px , Pp^ Q" ,p = Qp.p , M^^^p = Q\p, 

Pp, = Mp,^pN^\x = = TpuN^%, = Tp^Q\p = = 0 , (81) 
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and the possible contractions that comprises Q will be given by 


k')Q/^{P. k) = ^p\k- k') - T“^) , 


k)Q^p^{p, k') = ^p^{k- k') 




aupp 


+ T “iV, 


.T — T 

■‘■IP ■‘■^a^ap n plPOLG 


^ - ’ avoLp 

_L T ^/V + T 

' ^ u ppOLG \ ^ rr C 


avpLp 


-T -T'^N +T'^/V +T N 

^ a ■‘■^a.pup ^ p ^^OLupu ~ ^ p ■‘■^apua ' -‘-pp-^^au a 


_T N -T N -\-T N 

-‘-pa^^OLV p -‘-I'p-^^OLp a ' ap p 


(82) 


These previons properties permit us to invert the matrix 2 x 2 in fl78|) to give us the 
Abelian propagators helds Aq and Bq'" 


{aoPp, k) aQy{p, k')) = 
{bopuip, k) hop^{p, k')) = 


i5' 


ah 


pz 


Vliu + {Co — 1 ) 


p2 


+ 


2i 5, 


ab 


pz 


a0 


P P^ 


kpakj^i^ 

k ■ k' 


iS' 


ab 


M{k-k') _ 


l/ih'pA “1“ (*^0 1) 


Jpnyk 

p . pt 


pz 

{p, k, k' 


(83) 


where 


Kf,^pa{p, k, k') := - PpaT^^^N^upp - PvpT'^^NapPo 

YPucjT'^^NapPp + Nfj^ctp ~ T^^Nfjpap — T^'^Npuacj 


yT “A^ + T "A^ — T "A^ 

' u ' OLUpa ' ^ a aupp -‘-a apup 


T 

-‘- p aippa 


4-T -\-T N -T N -T N ~\~T N 

'-^p ^^apua ^ -^pp^^aip a p -^i^P^^ap a'-^i^(F^^ap p ’ 


(84) 


and the mixed propagator is 


(ao^(p, k) boanip, k')) = (&oa«(p, k) ao^(p, k')) = ^ ^M{k^.'k') ' 

For the non-Abelian gauge helds, we can obtain the propagators multiplying the previous 
one by 5“^ 


(<(P, k) a^{p, k')) 


{bplip, k) bJCip, k')) 
«(P, k) bJ'Pp, k')) 


id' 


ab 


pZ 


V^zu + (^ - 1) 


PfzPp 

p2 


2i6, 


ab 


id' 


ab 


M{k-k') _ 


pupX 


+ (q^ — 1) 


+ 

kpvkp^ 

k ■ k' 



-4K 


pippa 


PV\ kp,aklp 

p^ ) k ■ k' 

{p, k, k') , 


{b^niP^ k) alXp, k')) 


Id^^ QpaKjp, k) 
{k ■ k') 


( 86 ) 
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The interaction terms Sint in fm|) are given by 


Sint = / d^e W{ 9 ) <- gi;-k + S' dtiA^n [A^, A^]^- - 


-g' ^ *i, + wr, en - J IBo^, Bo,y 

-ga,.Br \Ai;,Ag,l-g'a,AS |B„''",Bo,J.+ K.^oj. |Bo^.,B„n, 
+9 9^9“ ■ 9l. + ^ 9' [-Bo'‘^ 9], 

-9 </. * 7 " Vi“ * ^ + 9 5 „ 91 ; [yl^ A-]; - i 9 = \A^, iTl", 91 "]: 

+g' 9„.-Bp“, [B"", S'”): - i 9'"= |Bpp. B^l [B"", B""]; 

* r'"'B„„‘‘i“ * V. + g a^g” [ 91 ", gi: + i g' d^g^ [B"". g); 

-ga^pB""" [9l'‘,9lp];-9'ap9l'” [B'‘",Bpp];+Igg' 191",9lp]; |Bpp,B""]: 


( 87 ) 


After a tedious computation of the vertices rules in the momentum space for example, 
the 3-hne vertex of the gauge held A^°‘ which is represented by 



gd^Al [A^^,A 


V^ O 
'k 


This 3-hne vertex in the momentum space has the expression 

= z^7(27r)"5(4)(pi +P 2 x 

X [r’’‘^F>^''P{p,,p2,P3;hk2,k3) + td'^’^^G>^'^^{p,,P2,P3;h,k2,h)] , 

where we can dehne the functions 


_y( P 2 P 3 -P 2 P 8 

F^^'^p ■= {gi^pp-^^ - pp) e V " 2 cosh 




( 88 ) 


S{kj + k2+ gs)pp(p:p: - P 2 P 3 ) 


P 1 P 3 -P 1 P 3 V 

+ {gp'^P 2 — p'^P pA ^ V /cosh 


P 1 P 2 -P 1 P 2 

+ iv'^'^Ps ~ P 3 ) e V y cosh 


4 

4 


(/Cl + k2 + k 3 )^n{PlP 3 - P1P3) 
{ki + k2 + k3)fgn{PlP2 - PiPA 


( 89 ) 
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and 


P 2 P 3 -P 2 P 3 

_ ^pupP^ e V " ; sinh 




r \4 


— (fci + k2 + - p^p^) 




_xi( 

^ / sinh 


'4/ PrP2-PlP2 


M i/_ 1/ M 


sinh 


A" 


A" 


(fcl + ^2 + k3)f,^{p^p^3 - p’^p^) 


-j{ki + k2 + k3)pu{PlP2 - P 1 P 2 ) 


(90) 


The 3-hne vertex of the gauge held can be obtained by making = 0 and = 1 
in (188|) . so we have 



p gd^Ao^ 


* ’ 


where 

V^>^'^APi^P2,P3-,ki,k2,k3) = -^(27r)^A(^)(pi+P2+T 3 ) x 

X . (91) 

In the commutative limit, when A —)■ 0, it can be verihed that all the vertex of the gauge 
held A'^°‘ tends to the usual Yang-Mills case, and the self-interaction vertex of Aq goes 
to zero. It is also interesting to realize that the vertex of the gauge helds and 
which interacts with the fermions 



-g' {5^j) -k tfjj -g' tij, ★ -k tjjj 

This is a new interaction due to both the noncommutativity, and the propagation in the 
^-space. The spin generator represented here by T^^ is coupled to an anti-symmetric 
gauge helds and B^. 
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VII. CONCLUSIONS AND PERSPECTIVES 

In this work we believe that some new steps were provided in order to fathom the DFR 
formalism which is considered in the NC literature as a possible path way to quantum 
gravity. Keeping all these quantum ideas in mind, we have considered gauge Abelian and 
non-Abelian helds using the recent DFR framework where the parameter that carries the 
noncommutativity feature, 9^‘', represents independent degrees of freedom completing the 
DFR D = 10 extended DFR space, which phase-space has the momentum K associated 
with 6. 

In this way we have started with a hrst quantized formalism, where 6*^*^ and its canonical 
momentum are operators living in an extended Hilbert space. This structure, which 
is compatible with the minimal canonical extension of the so-called DFR algebra, is also 
invariant under an extended Poincare group of symmetry, but keeping, among others, the 
usual Casimir invariant operators. After that, in a second quantized formalism scenario, 
we have succeed in presenting an explicit form for the extended Poincare generators and 
the same algebra of the hrst quantized description has been generated via generalized 
Heisenberg relations. This is a basic point because the usual Casimir operators for the 
Poincare group are proven to be kept, permitting to maintain the usual classihcation 
scheme for the elementary particles. The next step in this program was to construct 
the mode expansion in order to represent the helds in terms of annihilation and creation 
operators, acting on some Fock space to be properly dehned. 

After that, in order to complete the DFR fermionic formalism given in we have 
constructed the Gamma matrices, its algebra and the DFR Dirac equation were also 
analyzed. 

These results set the stage to discuss the gauge invariance subject in DFR scenario 
where star-covariant derivatives were used in order to construct the DFR gauge transfor¬ 
mations. These ones allow us to construct DFR gauge invariant Lagrangians for the DFR 
versions of the QED and Yang-Mills models. Nest, the Abelian and non-Abelian currents 
were calculated. We have seen that the Maxwell and Yang-Mills came out naturally from 
these DFR versions. At the same time we have seen that, as in the standard commutative 
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stage, the Abelian and non-Abelian models are connected, which conhrm the correctness 
of the procednre. 

The DFR NC conjectnre has revealed the existence of an anti-symmetric tensor gange 
held, beyond the NC vector gange held, to maintain the gange invariance in the ^-space. 
It is easy to see that in the commntative limit, any inhnence of this anti-symmetric held 
in the model goes to zero. A stndy of qnantnm aspects of this new held motivates onr 
research in the fntnre. 

Finally, we have compnted the respective propagators and the DFR point of view, 
diagrams, were we can view an analogy to the Feynman ones. 
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